We develop a theory for the nonequilibrium coherent transport through a mesoscopic region, based on the nonequilibrium Green function technique.
In the realm of mesoscopic transport, the basic rules of the traditional electronics breakdown. When the size of device is smaller than the electron mean free path in the material, electrons will behave like a wave rather than particles. Meanwhile, with the reduced size of device, the Coulomb interaction among electrons becomes important. An additional electron has to overcome the repulsion from other electrons in the device before entering it.
Moreover, due to lack of inelastic collisions, the thermal distribution in the device is no longer a equilibrium one when electrodes are biased with finite voltages. Therefore, a theory containing the above three "ingredients"-phase coherence, Coulomb interaction, and nonequilibrium-is of particular interest in the mesoscopic transport.
Using nonequilibrium Keldysh formalism, Meir et al. derived a formula, in which the current flowing out of an electrode is expressed in term of the Green functions of the central region [1] . The remaining task is to find out these Green functions. Unfortunately, there seems no standard method to derive them, although various approximation schemes were used for special problem in specific system, e.g., large-N expansion [2] , truncation for equation of motion [3] , introducing an interpolative self-energy [4] , Ng's ansatz for lesser self-energy [5] , etc. In fact, too much physics is hidden in the general Hamiltonian, and it is hopeless to invent a theory covering everything. If we restrict ourselves to the weak coupling case, the complex Kondo physics will be ruled out. In these circumstances, the Green functions in the "atomic limit" should be a good starting point for the construction of the full Green functions, and we shall show that a general solution to the problem is possible. We note that similar idea has been addressed in the linear response theory by several authors [6, 7] , but hardly investigated in the nonlinear regime [8] .
The aim of this paper is to present a scheme for the calculation of the Green functions, and hence establish a theory of nonequilibrium coherent transport through an interacting mesoscopic region. As a price, the coupling between the central mesoscopic region and the electrodes is required to be relatively small. Electron transport through the mesoscopic region is viewed as a summation over various coherent processes via many-body quantum states, weighted by nonequilibrium thermal probabilities. The many-body quantum states in the central region can be found by exact diagonalization, while the nonequilibrium distribution can be determined by an equation derived in the text .
The mesoscopic system under consideration is modelled by the Hamiltonian (hereafter
is a general Hamiltonian for the central region with M-sites (spin index has been absorbed into the
βk a βk is the Hamiltonian for the βth electrodes, and H T = βki v βi a † βk c i + H.c. is the tunnel coupling between them. This Hamiltonian is applicable to a large variety of mesoscopic systems, such as molecular devices, tunneling coupled carbon nanotubes, quantum dot arrays, Aharonov-Bohm rings embedded with quantum dots, etc.
Define the Green function of the central region and the self-energy arise from the coupling with βth electrodes as G r,a,< ij
r,a,< and Σ r,a,<
r,a,< 0 v βj , where the superscript r, a, < denote for the retarded, advanced, lesser Green function and self-energy, respectively; the subscript 0 denotes for the Green function in the decoupling limit. Following Meir et al., the current flowing out of the βth electrodes can be expressed in the compact form
where 
Consequently, the current formula can be rewritten in a Landauer type as if in the noninteracting case [1] ,
with
The remaining task is to calculate the retarded Green function in the decoupling limit.
It is straightforward to exactly diagonalize H cent ({c i }, {c † i }) in the particle occupation bases
where N i = 0 or 1, and obtain the 2 M eigenstates {E n , |n }.
Once again, under the weak coupling assumption, the density matrix operator of the central region is supposed to have the diagonal form ρ cent = n P n |n n|, with the constraint n P n = 1. Here, the central region is regarded as "system", while the electrodes are "environment" in local equilibrium. Given {P n }, the decoupled Green functions can be expressed as
where A and B are operators composed of {c i } and {c † i }. So the determination of the nonequilibrium distribution {P n } lies in the heart of the theory. In the linear response regime, i.e., |V β − V β ′ | ≪ k B T and hence V β ≈ V 0 , the central region is in a thermal equilibrium, and the distribution can be written as
For the case of nonequilibrium, however, {P n } is determined by the coupling to electrodes with different chemical potentials, and in principle needs a self-consistent calculation. Our strategy is to choose a proper set of observables {O} and establish the equations of {P n } by the stationary
We point out that the 2 M conservables {O l ≡ |l l|} (|l is the eigenstate of H cent ) are ideal candidates for the task. Notice that
and make the approximation
under the weak coupling approximation, one can derive a set of equations of {P n } as
where n and m run over all the eigenstates of
Because l |l l| = 1, the 2 M conservables can produce 2 M -1 independent equations, and the constraint n P n = 1 should be supplemented for completeness. Eq. (8) is the central result of this work, which determines the nonequilibrium distribution in an interacting system. With {P n } solved from the set of equations, one can calculate both nonequilibrium tunneling current and various quantities of the central region.
To sum up, Eq. (1), (3), (4), and (8) consist of the frame for the calculation of the nonequilibrium coherent transport through an interacting mesoscopic region, requiring weak coupling between the central region and the electrodes, but allowing arbitrary interaction and hopping in the central region. Below we shall apply the theory to two special cases for demonstrations.
(1) a single quantum dot with multiple levels. Consider a single quantum dot (QD)
connected to electrodes with finite bias voltages, which can be modelled by the Hamiltonian
where n i ≡ c † i c i is the particle number operator. For convenience, the particle occupation bases are numbered as
Notice that H cent is already diagonalized in the {|F } bases, and the eigenenergy of |F is 
where
The retarded Green functiong r (ω) is obtained as
being the renormalized resonances. Specially, for M = 2, using n 1 = P 01 + P 11 , n 2 = P 10 + P 11 , n 1 n 2 = P 11 , Eq.(19) and Eq.(20) are equivalent to
withī = 3 − i for i = 1 or 2. Thus, our theory reproduces the correct results for the occupation number n i and the retarded Green function c i |c † i r 0 in the limit of Γ i → 0 [3] , and derive the correlator n 1 n 2 which is otherwise difficult to obtain. Fig.1 shows the equilibrium and nonequilibrium distributions for the quantum dot containing two interacting levels connected with two electrodes. One can see in the plot: (a) The complete Coulomb blockade in equilibrium is partially removed in nonequilibrium, i.e., the blockaded state can be occupied in some "windows" of the gate voltage. (b) The correlator n 1 n 2 is obviously unequal to n 1 n 2 in nonequilibrium, although approximately correct in equilibrium for nondegenerate levels. (c) The total occupation number has fractional steps in nonequilibrium in contrast to integer steps in equilibrium, and the fluctuation of the total number is reminiscent of the shape of tunneling current.
Next, we insert the QD to one arm of a Aharonov-Bohm (AB) interferometer [9] . The other arm (reference arm) is modelled by a quantum point contact, which can be described by adding the term k (W e iφ a † Lk a Rk + H.c.) to H T [10] , with φ being the AB phase induced by magnetic flux. Both the current formula and the equation of {P n } should be modified to include the "direct" coupling between electrodes, the details will be presented elsewhere.
The background conductance of the reference arm (measured when QD is decoupled from both electrodes) is Fig.2 crossover from cos φ to cos(φ + π) occurs continuously. The "nonequilibrium-Fano" effect discussed here and the "Kondo-Fano" effect in [10] seem to share some similarities, although the mechanisms are basically different.
(2) coupled double quantum dots. Consider two quantum dots coupled in series with left and right electrodes (N-QD=QD-N), each dot is capacitively coupled to a gate so that the energy level of the dot is tunable [12] . The coupled double quantum dots can be modelled by a 4-site Hamiltonian
We first diagonalize H cent in the 2 4 particle occupation bases. Due to the particle number conservation and spin conservation, the 16 dimensional spaces can be divided into several subspaces 16 = 1 + (2 + 2) + (1 + 1 + 4) + (2 + 2) + 1, in which eigenstates are readily solved. In principle, one can find out 2 4 conservables written in {c iσ } and {c † iσ } as done in (1), although it is uneasy and unnecessary. We only need to calculate the effective coupling strengthΓ β nm and put them into Eq. (8) . With {P n } solved from the 2 4 linear equations,g r , hence G r and G < are available. Finally, the current formula in the N-QD=QD-N system can be simplified as
We present the numerical results of the tunneling current I vs the resonant levels (E 1 , E 2 )
in Fig.3 . The occupation configuration { n 1 , n 2 } vs the energy levels (E 1 , E 2 ) has the same shape of hexagon boundary as in the equilibrium case, except for a displacement of (
). Therefore, the symmetry with respect to E 1 = E 2 is broken when V b = 0. Turning on the interdot hopping will make the problem much more complicated, either n 1 or n 2 are not good quantum number, energy levels of each dot are hybridized into "molecular orbits", and the occupation of the "molecule" is affected by both of the electrodes. Simple interpretation for this situation is beyond our intelligence.
In conclusion, we have presented a theory dealing with nonequilibrium coherent transport through an arbitrary mesoscopic region, possibly containing strong Coulomb interactions.
The only restriction of the theory is that the coupling between the central region and electrodes should be sufficient weak so that the central region may be regarded as a single quantum system. The key innovation of the theory is Eq. (8) and (c) show the curves of n 1 (solid) and n 2 (dotted), n 1 n 2 (solid) and n 1 n 2 (dotted), n ≡ n 1 + n 2 (solid) and δn
for the left / right panel. Other parameters are: 
